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Conformal symmetry (Dimension n > 4)

Definition A pseudo-Riemannian manifold (M, g) of dimension n > 4 is
conformally symmetric if the Weyl curvature tensor is parallel.

Ramén Vazquez-Lorenzo The geometry of Cotton tensor: conformal symmetry in dim 3



Preliminaries

R:  curvature tensor
W: Weyl curvature tensor
p:  Ricci tensor

T: scalar curvature

Conformal symmetry (Dimension n > 4)

Definition A pseudo-Riemannian manifold (M, g) of dimension n > 4 is
conformally symmetric if the Weyl curvature tensor is parallel.

Characterization: VW =0
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p:  Ricci tensor

T: scalar curvature

Conformal symmetry (Dimension n > 4)

Definition A pseudo-Riemannian manifold (M, g) of dimension n > 4 is
conformally symmetric if the Weyl curvature tensor is parallel.

Characterization: VW =0

Riemannian setting: The manifold is locally symmetric (VR = 0) or
locally conformally flat (W = 0).
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Definition A pseudo-Riemannian manifold (M, g) of dimension n > 4 is
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Characterization: VW =0
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Definition A pseudo-Riemannian manifold is essentially conformally
symmetric if VW =0, VR #0 and W # 0.
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scalar curvature
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Conformal symmetry (Dimension n > 4)

Definition A pseudo-Riemannian manifold (M, g) of dimension n > 4 is
conformally symmetric if the Weyl curvature tensor is parallel.

Characterization: VW =0

Riemannian setting: The manifold is locally symmetric (VR = 0) or
locally conformally flat (W = 0).

Definition A pseudo-Riemannian manifold is essentially conformally
symmetric if VW =0, VR #0 and W # 0.

Lorentzian setting: The manifold is a pp-wave.

Ramén Vazquez-Lorenzo The geometry of Cotton tensor: conformal symmetry in dim 3



Ramén Vazquez-Lorenzo he geometry of Cotton tensor: conformal symmetry in dim 3



To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.
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To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

3

Dimension n
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To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

Dimension n =3

The conformal information is codified by the Cotton tensor.
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Objective

To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

Dimension n =3

The conformal information is codified by the Cotton tensor.

Schouten tensor: S;; = pjj — 78
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Objective

To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

Dimension n =3

The conformal information is codified by the Cotton tensor.
Schouten tensor: S; = p;i — 78
Cotton tensor: C,'jk = (V,‘S)jk = (VjS),'k
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Objective

To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

Dimension n = 3
The conformal information is codified by the Cotton tensor.
Schouten tensor: S; = p;i — 78
Cotton tensor: Cjj = (V;S)jx — (V;S)ix
(M3, g) is essentially conformally symmetric if the Cotton tensor is
parallel (VC = 0) but (M3, g) is not locally conformally flat (C # 0).
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The conformal information is codified by the Cotton tensor.

Schouten tensor: S; = p;i — 78
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(M3, g) is essentially conformally symmetric if the Cotton tensor is
parallel (VC = 0) but (M3, g) is not locally conformally flat (C # 0).
Special behaviour in dimension three
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To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

Dimension n = 3
The conformal information is codified by the Cotton tensor.

Schouten tensor: S; = p;i — 78

Cotton tensor: Cjj = (V;S)jx — (V;S)ix
(M3, g) is essentially conformally symmetric if the Cotton tensor is
parallel (VC = 0) but (M3, g) is not locally conformally flat (C # 0).
Special behaviour in dimension three

C : (0, 3)-Cotton tensor
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To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

Dimension n = 3
The conformal information is codified by the Cotton tensor.

Schouten tensor: S; = p;i — 78

Cotton tensor: Cjj = (V;S)jx — (V;S)ix
(M3, g) is essentially conformally symmetric if the Cotton tensor is
parallel (VC = 0) but (M3, g) is not locally conformally flat (C # 0).
Special behaviour in dimension three

C : (0,3)-Cotton tensor Ci = 1 Comi dx" A dx™ : Cotton 2-form
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Objective

To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

Dimension n = 3
The conformal information is codified by the Cotton tensor.
Schouten tensor: S; = p;i — 78
Cotton tensor: Cjj = (V;S)jx — (V;S)ix
(M3, g) is essentially conformally symmetric if the Cotton tensor is
parallel (VC = 0) but (M3, g) is not locally conformally flat (C # 0).

Special behaviour in dimension three

C : (0,3)-Cotton tensor Ci = 1 Comi dx" A dx™ : Cotton 2-form

We use the star-Hodge operator: G = % Cppi €™ dx*
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To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

Dimension n = 3
The conformal information is codified by the Cotton tensor.
Schouten tensor: S; = p;i — 78
Cotton tensor: Cjj = (V;S)jx — (V;S)ix
(M3, g) is essentially conformally symmetric if the Cotton tensor is
parallel (VC = 0) but (M3, g) is not locally conformally flat (C # 0).

Special behaviour in dimension three

C : (0,3)-Cotton tensor Ci = 1 Comi dx" A dx™ : Cotton 2-form

We use the star-Hodge operator: G = % Cppi €™ dx*

to obtain the (0, 2)-Cotton tensor: CU = ﬁ Comi e"’"eggj
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Objective

To extend the study of conformally symmetric manifolds to dimension
three, showing that non-trivial examples do not exist in the Riemannian
case and obtaining a complete local classification in Lorentzian signature.

Dimension n = 3

The conformal information is codified by the Cotton tensor.
Schouten tensor: S; = p;i — 78
Cotton tensor: Cjj = (V;S)jx — (V;S)ix

(M3, g) is essentially conformally symmetric if the Cotton tensor is
parallel (VC = 0) but (M3, g) is not locally conformally flat (C # 0).

Special behaviour in dimension three

C : (0,3)-Cotton tensor Ci = 1 Comi dx" A dx™ : Cotton 2-form

C
We use the star-Hodge operator:  +C; = % e @b
to obtain the (0, 2)-Cotton tensor: CJ f C,,m, e" ggj
and the associated Cotton operator: C(x,y) = g(C(x),y)
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x® + a(y)x)dy>.
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (3 + a(y)x)dy>.

Walker manifolds

A Walker manifold is a manifold which is locally indecomposable but not
irreducible. Equivalently, it admits a parallel degenerate line field.
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (3 + a(y)x)dy>.

Walker manifolds

A Walker manifold is a manifold which is locally indecomposable but not
irreducible. Equivalently, it admits a parallel degenerate line field.

In dimension three, Walker manifolds admit local coordinates (¢, x, y)
where the metric expresses as

g = dtdy + dx* + f(t, x, y)dy?,

for some smooth function f(t,x,y).
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (3 + a(y)x)dy>.

Walker manifolds

A Walker manifold is a manifold which is locally indecomposable but not
irreducible. Equivalently, it admits a parallel degenerate line field.

In dimension three, Walker manifolds admit local coordinates (¢, x, y)
where the metric expresses as

g = dtdy + dx* + f(t, x, y)dy?,
for some smooth function f(t,x,y).

In the special case when the parallel degenerate line field is spanned by a
parallel null vector field, the coordinates above can be further specialize
so that the metric takes the above form for some function f(x,y). The
Walker metric is said to be strict in such a case.
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,=£dt? + gy) is never essentially conformally symmetric.
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(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where
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Sketch of the proof

o (R x N,=£dt? + gy) is never essentially conformally symmetric.

vC=0andC diagonalizes
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Main result

Theorem

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,=£dt? + gy) is never essentially conformally symmetric.

vC=0andC diagonalizes

In this case, C has constant eigenvalues and the corresponding
eigenspaces define parallel distributions on M.

N
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(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where
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Sketch of the proof

o (R x N,=£dt? + gy) is never essentially conformally symmetric.

vC=0andC diagonalizes

In this case, C has constant eigenvalues and the corresponding
eigenspaces define parallel distributions on M.

C has a distinguished eigenvalue of multiplicity one and thus the manifold
admits locally a de Rham decomposition as a product manifold.
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Theorem

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,=£dt? + gy) is never essentially conformally symmetric.

vC=0andC diagonalizes

In this case, C has constant eigenvalues and the corresponding
eigenspaces define parallel distributions on M.

C has a distinguished eigenvalue of multiplicity one and thus the manifold
admits locally a de Rham decomposition as a product manifold.

The manifold must be locally conformally flat.

N
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx* + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,=£dt? + gy) is never essentially conformally symmetric.

V € =0 and C has a complex eigenvalue

N
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx* + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,=£dt? + gy) is never essentially conformally symmetric.

V € =0 and C has a complex eigenvalue
1)

2 o

Let {er, e, €3} be orthonormal (+ + —) such that € = ( o o

N
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx* + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,=£dt? + gy) is never essentially conformally symmetric.

V € =0 and C has a complex eigenvalue

A A 0 0
Let {e1, 2, €3} be orthonormal (+ + —) such that C = ( o 8 ) .

Since the Cotton operator is parallel, the distribution defined by the
eigenspace corresponding to A is parallel and spacelike and the manifold
again decomposes locally as a product.

N
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A A 0 0
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Since the Cotton operator is parallel, the distribution defined by the
eigenspace corresponding to A is parallel and spacelike and the manifold
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,+dt? + gy) is never essentially conformally symmetric.

Vv C = 0 and the minimal polynomial of C has a root of multiplicity two
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,+dt? + gy) is never essentially conformally symmetric.

Vv C = 0 and the minimal polynomial of C has a root of multiplicity two

N A 0 0
Take {e1, e, e3} with g1; = go3 = 1 such that C = ( 0 a1 ) .
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,+dt? + gy) is never essentially conformally symmetric.

Vv C = 0 and the minimal polynomial of C has a root of multiplicity two

N A 0 0
Take {e1, e, e3} with g11 = g»3 = 1 such that C = ( v & 1

If A =£ 0, the distribution defined by the eigenspace corresponding to A is
parallel and spacelike and the manifold again decomposes locally as a
product. The manifold is locally conformally flat.
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof

o (R x N,+dt? + gy) is never essentially conformally symmetric.

Vv C = 0 and the minimal polynomial of C has a root of multiplicity two

N A 0 0
Take {e1, e, e3} with g11 = g»3 = 1 such that C = ( v & 1

If A =£ 0, the distribution defined by the eigenspace corresponding to A is
parallel and spacelike and the manifold again decomposes locally as a
product. The manifold is locally conformally flat.

If X\ =0 then C is 2-step nilpotent. In this case, Im(C) = (&) is
one-dimensional, null and parallel. The manifold is Walker.
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Vv C = 0 and the minimal polynomial of C has a root of multiplicity three
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x* + a(y)x)dy>.

Sketch of the proof

o (R x N,+dt? + gy) is never essentially conformally symmetric.

Vv C = 0 and the minimal polynomial of C has a root of multiplicity three

In this case, C is 3-step nilpotent. We consider Ker(C), which is
one-dimensional, null and parallel.
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(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4), where
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(M3, g) Riemannian essentially conformally symmetric
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4), where

ga = dtdy + dx® + (3 + a(y)x)dy?.

Sketch of the proof

(M3, g) Riemannian essentially conformally symmetric

In this case, C diagonalizes and thus non-trivial examples do not exist.
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4), where

ga = dtdy + dx® + (3 + a(y)x)dy?.

Sketch of the proof

(M3, g) Riemannian essentially conformally symmetric

In this case, C diagonalizes and thus non-trivial examples do not exist.

(M3, g) Lorentzian essentially conformally symmetric
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4), where

ga = dtdy + dx® + (3 + a(y)x)dy?.

Sketch of the proof

(M3, g) Riemannian essentially conformally symmetric

In this case, C diagonalizes and thus non-trivial examples do not exist.

(M3, g) Lorentzian essentially conformally symmetric

It must be a Walker manifold. So there exist local coordinates (t, x, y)
such that
g = dtdy + dx® + f(t, x, y)dy?
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x* + a(y)x)dy>.

Sketch of the proof

vC=0is equivalent to:
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t, x, y), g4 ), where

ga = dtdy + dx® + (x* + a(y)x)dy>.

Sketch of the proof

vC=0is equivalent to:

fretr = fretx = Frvx = froox 0,
ftfttt - 2fttty = 0:
2fttxy - fxﬁrtt = 07
4ftxxy + (2ftxx + ftty) ft + 2fttyy - 3fxfttx - fyfttt - 2ffttty = 07
(Feall” o Difame: =F Falfie: 4 Diisegy = i = Db 0,
o (B2)7 + (2Focx - BFoy) Fo - 2fooney - iy
+2fryy — fiyfer — fvx + fiefer + 2frey) o — (fy + ) fok = 0.
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t,x,y), g&z), where

ga = dtdy + dx® + (x* + a(y)x)dy>.

Sketch of the proof

Solution:
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Sketch of the proof

Solution:

F(t%.9) = = G £ DO + COM + Bly)x + Q)
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t,x,y), g&z), where

ga = dtdy + dx® + (x* + a(y)x)dy>.

Sketch of the proof

Solution:

F(t%.9) = = G £ DO + COM + Bly)x + Q)

The Ricci operator, p, satisfies ﬁ2 = 0, which implies that the manifold is
strict Walker and therefore there exist local coordinates (t, x, y) such that

g = dtdy + dx® + f(x, y)dy?
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Sketch of the proof
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C(ayv 8y) = _%&xxa

and
(Vo, ©)(9y,0y) = —2fus (Yo, C)(0y,0y) = — 3 finey-
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t,x, y), g&z), where

ga = dtdy + dx® + (x* + a(y)x)dy>.

Sketch of the proof
For a metric g = dt dy + dx? + f(x, y)dy?:

C(ayv 8y) = _%&xxa

and
(Vo, ©)(9y,0y) = —2fus (Yo, C)(0y,0y) = — 3 finey-

By a direct calculation we obtain:

f(x,y) = kx®+ x*A(y) + B(y)x + C(y)
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t,x, y), ga), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof

We have obtained the metric

g = dtdy + dx® + (kx* + x*A(y) + B(y)x + C(y))dy?
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Main result

(M3, g) is essentially conformally symmetric if and only if it is a strict
Lorentzian Walker manifold, locally isometric to (R3, (t,x, y), ga), where

ga = dtdy + dx® + (x> + a(y)x)dy>.

Sketch of the proof

We have obtained the metric

g = dtdy + dx® + (kx* + x*A(y) + B(y)x + C(y))dy?

Proceeding as in [E. Garcia-Rio, P. Gilkey and S. Nik&evi¢, Homogeneity
of Lorentzian three-manifolds with recurrent curvature, Math. Nachr.
287 (2014), no. 1, 32-47] it is shown that the above metric is locally
isometric to

ga = dtdy + dx® + (x> + a(y)x)dy?

for a suitable function a(y).
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Isometry classes

The moduli space of isometry classes of essentially conformally symmetric
3-dimensional manifolds coincides with the space of smooth functions of
1-variable a(y), up to constant speed parametrization.
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Final remarks

Isometry classes

The moduli space of isometry classes of essentially conformally symmetric
3-dimensional manifolds coincides with the space of smooth functions of
1-variable a(y), up to constant speed parametrization.

Cotton solitons  (£xg + € = \g)

[E. Calvifio-Louzao, E. Garcia-Rio and R. Vdzquez-Lorenzo, A note on
compact Cotton solitons, Classical Quantum Gravity 29 (2012), 205014]
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Final remarks

Isometry classes

The moduli space of isometry classes of essentially conformally symmetric
3-dimensional manifolds coincides with the space of smooth functions of
1-variable a(y), up to constant speed parametrization.

Cotton solitons  (£xg + € = \g)

[E. Calvifio-Louzao, E. Garcia-Rio and R. Vdzquez-Lorenzo, A note on
compact Cotton solitons, Classical Quantum Gravity 29 (2012), 205014]

Any three-dimensional essentially conformally symmetric
pseudo-Riemannian manifold is a steady gradient Cotton soliton such
that the gradient of the potential function ¢, Vi, is a null vector field.
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[M. Brozos-Vézquez, G. Calvaruso, E. Garcia-Rio and S.
Gavino-Fernandez, Three-dimensional Lorentzian homogeneous Ricci
solitons, Israel J. Math 188 (2012), 385-403.]
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Gavino-Fernandez, Three-dimensional Lorentzian homogeneous Ricci
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Essentially conformally symmetric three-dimensional manifolds do not
admit any gradient Ricci soliton.
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However they admit non-gradient Ricci soliton structures in some case.
In particular, an essentially conformally symmetric three-dimensional
manifold is a Ricci soliton if and only if
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Final remarks

Ricci solitons  (£xg + p = Ag)

[M. Brozos-Vézquez, G. Calvaruso, E. Garcia-Rio and S.
Gavino-Fernandez, Three-dimensional Lorentzian homogeneous Ricci
solitons, Israel J. Math 188 (2012), 385-403.]

Essentially conformally symmetric three-dimensional manifolds do not
admit any gradient Ricci soliton.

However they admit non-gradient Ricci soliton structures in some case.
In particular, an essentially conformally symmetric three-dimensional
manifold is a Ricci soliton if and only if

_a 3
a(y) _{ (4v—2y)* 2

%era, if A=0,

where « is an arbitrary constant.
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Final remarks

Ricci solitons  (£xg + p = Ag)

[M. Brozos-Vézquez, G. Calvaruso, E. Garcia-Rio and S.
Gavino-Fernandez, Three-dimensional Lorentzian homogeneous Ricci
solitons, Israel J. Math 188 (2012), 385-403.]

Essentially conformally symmetric three-dimensional manifolds do not
admit any gradient Ricci soliton.

However they admit non-gradient Ricci soliton structures in some case.
In particular, an essentially conformally symmetric three-dimensional
manifold is a Ricci soliton if and only if

_a 3
a(y) _ { (4v—2y)* 2

%era, if A=0,

where « is an arbitrary constant. The Ricci soliton vector field is

X(t7X7y): <STM+K7%77_%) )

where « is an arbitrary real constant.
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